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Robinson and Wilczek suggested a new method of deriving Hawking radiation by the 
consideration of anomalies. The basic idea of their approach is that the flux of Hawking 
radiation is determined by anomaly cancellation conditions in the Schwarzschild black hole 
(BH) background. Iso et al. extended the method to a charged Reissner-Nordstrom BH and a 
rotating Kerr BH, and they showed that the flux of Hawking radiation can also be determined 
by anomaly cancellation conditions and regularity conditions of currents at the horizon. 
Their formulation gives the correct Hawking flux for all the cases at infinity and thus provides 
a new attractive method of understanding Hawking radiation. We present some arguments 
clarifying for this derivation. We show that the Ward identities and boundary conditions for 
covariant currents without referring to the Wess-Zumino terms and the effective action are 
j]^ ' sufficient to derive Hawking radiation. Our method, which does not use step functions, thus 

(— I ' simplifies some of the technical aspects of the original formulation. 
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CN ■ §1. Introduction 

> 

\^ \ Hawking radiation is derived by using the quantum effect in black hole (BH) 

■ physics. There are several methods of deriving of Hawking radiation. ^^^'^^ Hawking's 

original derivation, which calculates the Bogoliubov coefficients between the in- and 
'nI" I out-states for a body collapsing to form a BH, is very direct and physical. It is 

' well-known that the Hawking flux agrees with the blackbody flux at the temperature 

, T = k/2ii, where k is the surface gravity of a BH, if we ignore the backscattering of 

^ I particles falling into the horizon, i.e., the gray body radiation. 

: ■ Robinson and Wilczek demonstrated a new method of deriving of Hawking radia- 

r\ \ tion.^) They derived Hawking radiation by the consideration of quantum anomalies. 

I Their derivation has an important advantage in localizing the source of Hawking ra- 

diation near the horizon where anomalies are visible. Since both of two anomalies 
and Hawking radiation are typical quantum effects, it is natural that Hawking radia- 
tion is related to the anomalies in their derivation. Iso et al. improved the approach 
of Ref. 4) and extended the method to a charged Reissner-Nordstrom BH.^^ This 
approach was also extended to a rotating Kerr BH and a charged and rotating Kerr- 
Newman BH by Murata and Soda^^ and by Iso et al.''^ 

The approach of Iso et al.^-* is very transparent and interesting. However, 
there remain several points to be clarified. First, Iso et al. start by using both the 
consistent and covariant currents. However, they only impose boundary conditions 
on covariant currents. As discussed in Ref. 5), it is not clear why we should use 
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covariant currents instead of consistent ones to specify the boundary conditions at 
the horizon. Banerjee and Kulkarni considered an approach using only covariant 
currents without consistent currents. However, their approach heavily relics on the 
Wcss-Zumino terms defined by consistent currents.^) The Wess-Zumino terms are 
also used in the approach of Iso et al. Therefore, Banerjee and Kulkarni's approach 
is not completely described by covariant currents only. 

Second, in Iso et al.'s approach the region outside the horizon must be divided 
into two regions because the effective theories are different near and far from the 
horizon. They thus used step functions to divide these two regions. We think that the 
region near the horizon and the region far from the horizon are continuously related. 
Nevertheless, if one uses step functions, terms with delta functions appear that 
originate from the derivatives of step functions when one considers the variation of 
the effective action. They disregarded the terms without delta functions by claiming 
that these terms correspond to the contributions of the ingoing mode. This is the 
second issue that we wish to address here. Banerjee and Kulkarni also considered 
an approach without step functions. They obtained the Hawking flux by using 
the effective actions and two boundary conditions for covariant currents. However, 
they assumed that the effective actions arc 2-dimensional in both the region near the 
horizon and that far from the horizon. ^^^'^^^ As discussed in Iso et al.'s approach, 
the original 4-dimensional theory is the 2-dimensional effective theory in the region 
near the horizon. However, the effective theory should be 4-dimensional in the region 
far from the horizon. 

In contrast with the above approaches, we derive the Hawking flux using only the 
Ward identities and two boundary conditions for the covariant currents. We formally 
perform the path integral, and the Nother currents are constructed by the variational 
principle. Therefore, we can naturally treat the covariant currents. We do not 
use the Wess-Zumino term, the effective action or step functions. Therefore, we do 
not need to define consistent currents. Although we use the two boundary conditions 
used in Banerjee and Kulkarni's method, we use the 4-dimensional effective theory 
far from the horizon and the 2-dimensional theory near the horizon. In this sense, our 
method corresponds to Iso et al.'s method. It is easier to understand the derivation of 
the Ward identities directly from the variation of matter fields than their derivation 
from the effective action since we consider Hawking radiation as resulting from the 
effects of matter fields. 

Our approach is essentially based on Iso et al.'s approach. However, we simplify 
the derivation of Hawking radiation by clarifying the above issues. We only use the 
Ward identities and two boundary conditions for covariant currents, and we do not 
use the Wess-Zumino terms, the effective action or step functions. 

The content of the paper is as follows. In §2, we show our simple derivation 
of Hawking radiation in a rotating Kerr BH background. Section 3 is devoted to 
conclusions and discussions. In Appendix A we show how to derive the Hawking 
flux in a charged Reissner-Nordstom BH using our approach. 
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§2. Simple derivation 

In this section, by clarifying the arguments used in the derivation in Ref. 7), we 
show that we can obtain the same result by a simplified method. Since we consider 
a rotating Kerr BH, the external space is given by the Kerr metric 

, 9 A — sin^ , , 2a sin^ 6* , , , , , , , 
ds^ = ^2 + — + « ^)dtdip 

H sm Od<f —dr — L dO , (2-1) 

where a = J/M, A = — 2Mr + = (r — r+)(r - r„) and 17^ = + cos^ 9. 
r_|_(_-) is the outer (inner) horizon. We consider quantum fields in the vicinity of the 
Kerr BH. In 4 dimensions, the action for a scalar field is given by 

S = l f d''x^g^'''d^^d,(t> + Sint, (2-2) 



2 „ 

where the first term is the kinetic term and the second term S'int represents the mass, 
potential and interaction terms. Note that the U{1) gauge field does not appear in 
the Kerr BH background. This is a crucial difference from the charged BH. By 
performing the partial wave decomposition of (p in terms of the spherical harmonics 
((/> = ^ (t^imXim) and using the properties of metrics at the horizon, the action S 
near the horizon is written as''^ 



5 = ^ j dtdr{r'^ + a 



2\ J,* 
Irri 



(r^ + a^) / ima y A 



A V r^ + a"^ J r"^ + 



(2-3) 



where we ignore S'int because the kinetic term dominates near the horizon in high- 
energy theory. From this action we find that (pim can be considered as (1 + 1)- 
dimensional complex scalar fields in the backgrounds of the dilaton metric Qfj^p 
and U{1) gauge field A^, which are defined by 

^ = r2 + o^ (24) 

9tt = f{r), Qrr = -77-T> 9rt = 0, (2-5) 
fir) 

^* = -^^'^- = 0' (2-6) 

J.Z _|_ Q,^ 

where /(r) = A/(r^ + a^). The U{\) charge of the 2-dimensional field (j)im is m. 

From (j2-3p . we find that the effective theory is the (1 + l)-dimensional theory 
near the horizon. However, we cannot simply regard the effective theory far from the 
horizon as the (1 + l)-dimensional theory. We need to divide the region outside the 
horizon into two regions because the effective theories are different near the horizon 
and far from the horizon. We define region O as the region far from the horizon 
and region H as the region near the horizon. Note that the action in region O is 
S{o)[4>ig[l)] and the action in region H is S'(h) ^('2'') , 
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7i; Future horizon 
Region H; 2 dimensions and chiral 
Region O; 4 dimensions and anomaly- free 

Fig. 1 Part of the Penrose diagram relevant to our analysis. 

The dashed arrow in region H represents the ignored ingoing mode falling toward 
the horizon. 

We can divide particles into ingoing modes falling toward the horizon (left- 
handed) and outgoing modes moving away from the horizon (right-handed) using a 
Penrose diagram'*)' ^^''^^ (Fig. 1). Since the horizon is a null hypersurface, none of 
the ingoing modes at the horizon are expected to affect the classical physics outside 
the horizon. Thus, we ignore the ingoing modes. Therefore, anomalies appear with 
respect to the gauge or general coordinate symmetries since the effective theory is 
chiral near the horizon. Here, we do not consider the backscattering of ingoing 
modes, i.e., the gray body radiation. 

We now present the derivation of Hawking radiation for the Kerr BH. First, we 
consider the effective theory in region O. The effective theory is 4-dimensional in 
region O, which we cannot reduce to a 2-dimensional theory. In contrast with the 
case of a charged BH, a 4-dimensional gauge field such as the Coulomb potential 
A = —Q/r does not exist in a rotating Kerr BH. Therefore, we do not define the 
U{1) gauge current in region O. In contrast, the effective theory in region H is a 
2-dimensional chiral theory and we can regard part of the metric as a gauge field 
such as (|2-6p . since the action of (j2-3p is S(^H-^[(j), g'^^y Afj,,'P]. 

Second, we consider the Ward identity for the gauge transformation in region 
H near the horizon. Here, we pretend to formally perform the path integral for 
S(H)[4'j 9^2) ' ' ^] ' where the Nother current is constructed by the variational princi- 
ple, although we do not perform an actual path integral. Therefore, we can naturally 
treat covariant currents. As a result, we obtain the Ward identity with a gauge 
anomaly 

V^Jf^)-C = 0, (2-7) 

where we define covariant currents J^j(r) and C is a covariant gauge anomaly. This 
Ward identity is for right-handed fields. The covariant form of the 2-dimensional 
abelian anomaly C is given by 

2 

TTl 

C = ± . . =6^'^^;.., {ii.y = t.T) (2-8) 

4vry^-5(2) 
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where +(— ) corresponds to right(left)-handed matter fields, e^'^ is an antisymmetric 
tensor with e**" = 1 and Ff^^ is the field-strength tensor. Using the 2-dimensional 
metric ()2-5p . (j2-7p is written as 

2 

777 

drJlH)ir) = ^drMr). (2-9) 
By integrating Eq. (j2-9p over r from to r, we obtain 

JlH)ir) = ^[Mr)-Mr+)], (2-10) 
where we use the condition 

JlH)ir+)=0- (2-11) 

Condition ()2-lip corresponds to the statement that free falhng observers see a finite 
amount of the charged current at the horizon, i.e., (j2-lip is derived from the reg- 
ularity of covariant currents (see the appendix of Ref. 7)). We regard (j2-10p as a 
covariant U (1) gauge current appearing in region H near the horizon. 

Third, we consider the Ward identity for the general coordinate transformation 
in region O far from the horizon. By improving the approach of Ref. 5), we define 
the formal 2-dimensional energy-momentum tensor in region O from the exact 4- 
dimensional energy-momentum tensor in region O to connect the thus-defined 2- 
dimensional energy-momentum tensor in region O with the 2-dimensional energy- 
momentum tensor in region H. Since the action is Si^o)[4'j 9^^^] region O, the Ward 
identity for the general coordinate transformation is written as 

V.Tj;^ = 0, (2-12) 

where T^'^^ is the 4-dimensional energy-momentum tensor. Since the Kerr background 
is stationary and axisymmetric, the expectation value of the energy- momentum ten- 
sor in the background depends only on r and 9, i.e., {T^^) = {T^" {r,0)) . The fi = t 
component of the conservation law (j2-12p is written as 

a,(V^r/4)) + deiV^T,^,^) = 0, (2-13) 

where \/—g = (r^ -|- cos^ ^) sin0. By integrating Eq. (I2T3P over the angular 
coordinates 6 and we obtain 

drT,[^) = 0, (2-14) 
where we define the effective 2-dimensional tensor T^^^) by 

r,(^2) ^ I dn^,){r' + a^cos^e)T,^,y (2-15) 

We define T^^g) = '^t{o) emphasize region O far from the horizon. The energy- 
momentum tensor ^^(o) is conserved in region O; 

drT,[o) = 0. (2-16) 
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By integrating Eq. (I2-I6p . we obtain 

%=«o, (2-17) 

where Oo is an integration constant. 

Finally, we consider the Ward identity for the general coordinate transforma- 
tion in region H near the horizon. The Ward identity for the general coordinate 
transformation when there is a gravitational anomaly is 

V.%(r) - F,. Jr^)(r) - - A,{r) = 0, (2-18) 

where both the gauge current and the energy-momentum tensor are defined to be of 

the covariant form and is the covariant form of the 2-dimensional gravitational 

anomaly. This Ward identity corresponds to that of Ref. 8) when there is no dilaton 

field. The covariant form of the 2-dimensional gravitational anomaly is given 
byl4)-16) 

Aa = ^^^e.^d'^R = drNJ, (2-19) 

where we define A'^^'' by 

N/^ ^^ ' ' , (2-20) 

and { ' } represents differentiation with respect to r. The fj, = t component of (j2T8p 
is written as 

drT,[H^{r) = FrtJlH^{r) + drN/{T). (2-21) 
Using (|2-10p and integrating (l2-2ip over r from r-|_ to r, we obtain 

TtlH){r) = -^A{r^)A{r) + ^>l?(r) + iV/(r) + ^^?(r-+) - iV/(r+), (2-22) 

where we impose the condition that the energy-momentum tensor vanishes at the 
horizon, which is the same as (12-lip : 

T,('^)(r+)=0. (2-23) 

We compare (j2-17p with (j2-22p . By following Banerjee and Kulkarni's ap- 
proach, ^'^^ we impose the condition that the asymptotic form of (12-221) in the limit 
r — > oo is equal to ()2T7p : 

%=%M- (2-24) 

Condition ()2-24p corresponds to the statement that no energy flux is generated away 
from the horizon region. Therefore, the asymptotic form of ()2-22p has to agree with 
that of ([2T7p . From ([2^ . we can obtain 

m^i?^ vr 
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where the quantity i? is well known as the angular velocity in BH physics, ^'^^ 



f2 = (2-26) 
and we use both the surface gravity of the BH, 

2-7T 1 

and (l2-20p . As a result, we obtain the flux of the energy-momentum tensor in the 
region far from the horizon as 

„ ^ m^i?^ vr 

This flux agrees with the Hawking flux. Our result corresponds to that of Ref. 7) 
in the limit r — > oo. In contrast with Ref. 7), our result does not depend on gauge 
fields in the region far from the horizon when the radial coordinate r is large but 
finite. As can be seen from the action (|2-2p . the gauge field does not exist in the 
Kerr BH physics in a realistic 4-dimensional sense, and only the mass and angular 
momentum appear. We thus consider that our result presented here is more natural 
than that of Ref. 7). 



§3. Conclusion and discussion 



We have shown that the Ward identities and boundary conditions for covariant 
currents, without referring to the Wess-Zumino terms and the effective action, are 
sufficient to derive Hawking radiation. The first boundary condition states that both 
the U{1) gauge current and the energy-momentum tensor vanish at the horizon, as 
in (j2-lip and (|2-23p . This condition corresponds to the regularity condition that a 
free falling observer sees a finite amount of the charged current at the horizon. The 
second boundary condition is that the asymptotic form of the energy-momentum 
tensor defined in the region near the horizon is equal to the energy-momentum 
tensor in the region far from the horizon in the limit r ^ oo, as in (j2-24p . This 
condition means that no energy flux is generated far from the horizon. In contrast 
with previous works, we do not use the consistent current at any stage of our analysis 
since we use neither the Wess-Zumino term nor the effective action. We also do not 
use any step function. Therefore, we believe that our approach clarifies some essential 
aspects of the derivation of Hawking flux from anomalies. 

When one compares our method with that of Iso et al.,''^ one recognizes the 
following difference. They defined the gauge current by the if component of the 
4-dimensional energy-momentum tensor ^^(4) in the region far from the horizon. In 
contrast, we do not define the gauge current in the region far from the horizon, since 
no gauge current exists in a Kerr BH. This difference appears in (j2T6p . whereas Iso 
et al. used the equation 



(3-1) 
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If we define gauge currents suitably, we might be able to consider the Kerr BH in the 
same way as the Reissner-Nordstrom BH, as Iso et al. attempt to do. However, some 
subtle aspects are involved in such methods that attempt to define gauge currents. 

To be explicit, the authors in Ref. 7) regard part of the metrics as the gauge 
field by defining A^^ = ~9^^y as in Kaluza-Klein theory. This definition is consistent 
with the initial definition of the current ()2-6p near the horizon, i.e., 

^ 9tm ^ a(r^ + - A) A^o a 
5v5(/j(4) o?l\ sin^ 6 — {r'^ + a?Y r'^ + 

To maintain consistency, they simultaneously assume that the definition of (j2-15p is 
modified such that it leads to (j3Tp by using the = t component of (j2-12p . i.e., 

r,(^2) = j dQ2 (r^ + a" cos2 9) {t,1,^ - A^TJ^^^ . (3-3) 

In this way they maintain consistency. However, we consider that definition (I2T5P 
is more natural than this modified definition, since in definition (j2-15p the for- 
mal 2-dimensional energy-momentum tensor is defined by integrating the exact 4- 
dimensional energy-momentum tensor over the angular coordinates without intro- 
ducing an artificial gauge current in the region far from the horizon. In our approach, 
which is natural for the Kerr BH, no gauge field appears in the region far from the 
horizon where the radial coordinate r is large but finite, in contrast to the formu- 
lation in Ref. 7). We thus believe that our formulation is more natural than the 
formulation in Ref. 7), although both formulations give rise to the same physical 
conclusion. 

In passing, we mention that the Hawking fiux is determined from (j2-22p simply 
by considering the direct limit 

T,lH){r - oo) = ^^?(r+) - iV/(r+), (3-4) 

which agrees with (j2-28p . The physical meaning of this consideration is that Hawking 
radiation is induced by quantum anomalies, which are defined in an arbitrarily small 
region near the horizon since they are short-distance phenomena, and at any region 
far from the horizon the theory is anomaly-free and thus, no further fiux is generated. 
Namely, we utilize an intuitive picture on the basis of the Gauss theorem, which is 
applied to a closed region surrounded by a surface S very close to the horizon and 
a surface S' far from the horizon in the asymptotic region (Fig. 2). If no flux is 
generated in this closed region, the flux on the surface very close to the horizon and 
the flux on the surface far from the horizon in the asymptotic region coincide. 
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Fig. 2 Intuitive picture on the basis of the Gauss theorem. 
The flux is only generated inside the dashed line. The total fluxes on S and S' are 
equal from the Gauss theorem. 

Finally, we discuss why we use the regularity conditions for covariant currents 
instead of consistent currents. All the physical quantities should be gauge- invariant. 
Thus, physical currents should be covariant. This is consistent with, for example, 
the well-known anomalous baryon number current in the Weinberg-Salam theory. 

For recent related works, please refer to Refs. 20)-22). 
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In this appendix, we show that Hawking flux can be obtained in a charged 
BH using our approach. Since we consider a charged Reissner-Nordstrom BH, the 
external space is given by the Reissner-Nordstrom metric 
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Appendix A 

The Case for a Charged BH 



ds'^ = f{r)dt^ - 



1 



(A-l) 



fir) 



and /(r) is given by 




(r — r_|_)(r — r_) 



(A-2) 
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where r± = M i: \J — and r+ is the distance from the center of the BH to the 
outer horizon. We consider quantum fields in the vicinity of the Reissner-Nordstrom 
BH. In 4 dimensions, the action for a complex scalar field is given by 

S = y d^x^gg^'{d^ + ieA^Wid^ - ieA,)^ + Si^t, (A-3) 

where the first term is the kinetic term and the second term 5int represents the 
mass, potential and interaction terms. In contrast with the Kerr BH background, 
note that the U{1) gauge field At = —Q/r appears in the Reissner-Nordstrom BH 
background. By performing the partial wave decomposition of (p in terms of the 
spherical harmonics {(j) = Yli m'i'lm^lm) and using the property f{r^) = at the 
horizon, the action S near the horizon is written as 



5 = - E y dtdrr"^^ 

l,m 



Im 



fir) 



{dt - ieAtY - drf{r)dr 



(A-4) 



where we ignore 5int because the kinetic term dominates near the horizon in high- 
energy theory. Prom this action we find that (pim can be considered as (1 -|- 1)- 
dimensional complex scalar fields in the backgrounds of the dilaton (p, metric 
and U{1) gauge field A^, where 

^ = r^, (A-5) 

9tt = fir), 9rr = grt = 0, (A-6) 
f{r) 

At = Ar = 0. (A-7) 

r 

The U{1) charge of the 2-dimensional field cpim is e. Note that the action in the 
region far from the horizon is 5(o) [(f>, , A^] and the action in the region near the 

horizon is [0, g'^^.^ , , ^] • 

We now present the derivation of Hawking radiation for the Reissner-Nordstrom 
BH. First, we consider the Ward identity for the gauge transformation in region 
O far away from the horizon. Here, we formally perform the path integral for 
5^^'^, A^], where the Nother current is constructed by the variational prin- 
ciple. Therefore, we can naturally treat covariant currents. ""^^^ As a result, we 
obtain the Ward identity 

Jf4) = 0, (A-S) 

where J^^^ is the 4-dimensional gauge current. Since the Reissner-Nordstrom back- 
ground is stationary and spherically symmetric, the expectation value of the gauge 
current in the background depends only on r, i.e., (J^) = (J^(r)). Using the 4- 
dimensional metric, the conservation law ()A-8P is written as 

driV^ JL) ) + [de V^) JL = 0, (A-9) 
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where \/—g = r^s'mO. By integrating Eq. ()A-9p over the angular coordinates 9 and 
if, we obtain 

drJl2) = 0, (A-10) 
where we define the effective 2-dimensional current by 

J[2) ^ I dn^2)r'Jl,y (A-11) 

We define J^2) = •^(o) emphasize region O far from the horizon. The gauge current 
JJ^Q-^ is conserved in region O, 

drJlo) = 0. (A- 12) 

By integrating Eq. (|A-12p . we obtain 

where Cq is an integration constant. 

Second, we consider the Ward identity for gauge transformation in the region H 
near the horizon. The Ward identity for the gauge transformation when there is a 
gauge anomaly is given by 

V^Jf^)-^ = 0, (A- 14) 

where we define the covariant current as J'^u^ and S is a covariant gauge anomaly. 
The covariant form of the 2-dimensional gauge anomaly B is given by 

B = ±—^e^''F^,, {li,iy = t,r) (A-15) 

where +(— ) corresponds to the anomaly for right(left)-handed fields. Here e^'^ is an 
antisymmetric tensor with e**" = 1 and F^i, is the field-strength tensor. Using the 



2-dimensional metric (IA-6p . (IAT4P is written as 



e2 



drJlH)ir) = ^drAir). (A-IG) 



By integrating ()A-16P over r from r_|- to r, we obtain 



e2 



Jl^^(r) = -[Mr) - Mr+)], {A-17) 
where we impose the condition 

JlH)ir+) = 0. (A.18) 

This condition corresponds to (j2-lip in the present paper. We also impose the 
condition that the asymptotic form of (jAT7p is equal to that of (jA-13p . 

J('o)(oo) = J('-^)(oo). (A-19) 
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From (lA49]l . we obtain the gauge current in region O as 

JiO) = -^Mr+)- (A-20) 

Third, we consider the Ward identity for the general coordinate transformation 
in the region O far from the horizon. We define the formal 2-dimensional energy- 
momentum tensor in region O from the exact 4-dimensional energy-momentum ten- 
sor in region O to connect the thus-defined 2-dimensional energy-momentum tensor 
in region O with the 2-dimensional energy-momentum tensor in region H. Since the 
action is S^q^[4>, g'^^y A^] in region O, the Ward identity for the general coordinate 
transformation is written as 

V.T^I'^) - F,^ J^^) = 0, (A-21) 

where T^'^^ is the 4-dimensional energy-momentum tensor. Since the Reissner-Nordstrom 
background is stationary and spherically symmetric, the expectation value of the 
energy-momentum tensor in the background depends only on r, i.e., {T^'^) = {T^'^{r)). 
The ji = t component of the conservation law ()A-2ip is written as 



dr [V^T,[^)) + {deV^) T^l^) - y^Frt J(4) = 0. (A-22) 
By integrating (IA-22|) over and (p, we obtain 

^^•^i(2) ~ -^rt'^(2)' (A- 23) 

where we define the effective 2-dimensional tensor T^^g) by 

j df2^2)r%[,y (A-24) 



^t(2) 



and is defined by ()A-lip . To emphasize region O far from the horizon, we write 
([A^ as 

drT,[o) = FrtJloy (A-25) 
By substituting (|A-20p into ()A-25p and integrating it over r, we obtain 

T,[o){r) = ao-^Mr+)A{r). {A-26) 

Finally, we consider the Ward identity for the general coordinate transforma- 
tion in region H near the horizon. The Ward identity for the general coordinate 
transformation when there is a gravitational anomaly is 



V.T^r/^) - F^,J^^^ -M^^^-A, = 0, (A.27) 



where both the gauge current and the energy-momentum tensor are defined to be of 
the covariant form and Afj, is the covariant form of the 2-dimensional gravitational 
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anomaly. This Ward identity corresponds to that of Ref. 8) when there is no dilaton 
field. The covariant form of the 2-dimensional gravitational anomaly agrees with 
(j2-19p . Using the 2-dimensional metric (|A-6p . the ^ = t component of (|A-27p is 
written as 



-^A,{r+)A,{r) + ^Al{r) + N/ 



(A-28) 



By integrating (IA-28|) over r from r+ to r, we obtain 
TJmir) = -^A,{r^)A,{r) + ^A^r) + iV/(r) + ^^?(r+) - iV/(r+), (A.29) 



where we impose the condition that the energy-momentum tensor vanishes at the 
horizon, which is the same as (l2-23p : 

r,('^)(r+) = o. (A-ao) 

As for (j2-24p . we impose the condition that the asymptotic form of (|A-29P in the 
limit r ^ oo is equal to that of (U^ . 



T,[o){^)=T,[j,){oo). (A-Sl) 



From ()A-3ip . we obtain 



' At{r+)-N/{r+). {A-32) 



e ,2 



An 



We thus obtain the flux of the energy-momentum tensor in the region far from the 
horizon as 

This result agrees with that of Ref. 5 j^. In contrast with the case of a rotating Kerr 
BH, the energy flux depends on the gauge field in the region far from the horizon, but 
the radial coordinate r is still finite since the gauge field exists in a charged Reissner- 
Nordstrom BH background. However, in the evaluation of Hawking radiation by 
setting r — > oo, the effect of the gauge field vanishes. 
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